We have studied the electric field near water clusters and in ice Ih using first principles calculations. We employed Mo "ller-Plesset perturbation theory ͑MP2͒ for the calculations of the clusters up to and including the hexamer, and density functional theory ͑DFT͒ with a gradient dependent functional ͓Perdew-Wang ͑PW91͔͒ for ice Ih as well as the clusters. The electric field obtained from the first principles calculations was used to test the predictions of an induction model based on single center multipole moments and polarizabilities of an isolated water molecule. We found that the fields obtained from the induction model agree well with the first principles results when the multipole expansion is carried out up to and including the hexadecapole moment, and when polarizable dipole and quadrupole moments are included. This implies that accurate empirical water interaction potential functions transferable to various environments such as water clusters and ice surfaces could be based on a single center multipole expansion carried out up to the hexadecapole. Since point charges are not included, the computationally intensive Ewald summations can be avoided. Molecular multipole moments were also extracted from the first principles charge density using zero flux dividing surfaces as proposed by Bader. Although the values of the various molecular multipoles obtained with this method are quite different from the ones resulting from the induction model, the rate of convergence of the electric field is, nevertheless, quite similar.
I. INTRODUCTION
The interaction between water molecules, including arrangements that exhibit hydrogen bonding, is believed to be largely electrostatic and is typically modeled simply by placing point charges on or near the O and the H atoms in each water molecule. Such models are typically tailored to be consistent with various properties of liquid water, but may not reproduce accurately the electric fields in other environments, such as water clusters, ice, surfaces, and interfaces. The more sophisticated point charge models also include polarizable point dipoles which greatly improve their ability to reproduce diverse environments. [1] [2] [3] [4] A frequently discussed quantity is the dipole moment of water molecules in various environments, such as clusters and condensed phases ͑see, for example, Refs. 3,5-18͒. The dipole moment of a water molecule in ice and in the liquid is estimated to be significantly larger than the dipole moment of an isolated water molecule 5, [16] [17] [18] as a result of the polarization of the individual water molecules from their neighbors.
A systematic approach to modeling the electric field around water molecules is the induction model, where a multipole expansion of the electron density is carried out. 5, [19] [20] [21] The effect of external field on the multipoles is included through the molecular polarizability. The most straightforward approach is to expand the electron density about one center on each molecule, for example the center-of-mass. It is not clear, however, what order in the multipole expansion is required to accurately represent the electric field at distances relevant to molecular interactions, and whether polarizabilities of isolated molecules can be used for water molecules in condensed phases, such as ice. More sophisticated multipole expansions have been used by Stone, Buckingham, and co-workers 20, 21 where several multipole expansion centers are included on each molecule, the so called distributed multipole approach. The expansion then typically includes point charge terms even for neutral molecules such as water.
First principle calculations nowadays can be carried out at a level that is sufficient to accurately reproduce the interaction between water molecules. Such calculations can provide important information about the electric field and can be used to test various empirical or semiempirical descriptions of the interactions. The first principles calculations can also be used as a means to extract molecular multipoles. Several first principles studies have reported values for the molecular dipole moment of water in various environments. schemes for achieving this goal have been previously proposed [22] [23] [24] [25] [26] [27] [28] invoking different criteria for assigning pieces of the electron density or the wave function to individual molecules. Nevertheless, different partition schemes can lead to widely different values for the multipole moments. 29 We report here on studies of the electric field in water clusters and ice Ih based on first principles calculations. We compare the electric field obtained from the first principles calculations with electric fields predicted by a simple induction model based on a multipole expansion around the center-of-mass of the molecules. This establishes the order in the multipole expansion that is required to reproduce the electric field obtained from first principles and tests whether the use of gas phase molecular polarizabilities is appropriate in order to model condensed phase environments. It has been previously shown that for clusters of diatomic molecules, such as HF and CO, it is sufficient to include up to quadrupole terms, 30 but H 2 O is likely to require higher multipoles. Self-consistent field ͑SCF͒ calculations of polarizabilities of urea dimer and trimer have suggested that additivity of molecular polarizabilities can be a good approximation for small clusters. 31 Changes in the polarizability due to slight changes in the molecular geometry have also been found to be small. [32] [33] [34] These earlier studies support the notion that an induction model may indeed be a good approximation for describing molecular interactions. In this study we carry out rigorous tests of this proposition for water clusters by investigating how accurately the induction model reproduces the electric field obtained from first principles calculations.
We have also used the results of first principles calculations to extract molecular multipole moments and compare those with values obtained from the induction model. In Sec. II we outline the technical details of the first principles calculations. For completeness, the induction model is described in Sec. III. Our results are presented in Sec. IV and are discussed further in Sec. V.
II. FIRST PRINCIPLES CALCULATIONS
Our goal is to assess the ability of the induction model to reproduce the electric field for ice Ih by comparing its results with the ones obtained from first principles calculations for this system. The need to perform first principles calculations for ice Ih is currently limiting our choice as regards the computational methods available to us to density functional theory ͑DFT͒ 35 using a plane wave basis set. We will, nevertheless, assess the accuracy of this approach -both as regards the level of theory and the effect of the plane wave basis -from calculations on the clusters dimer through hexamer. The former is achieved by comparing the DFT results with the ones obtained using second order Mo "ller-Plesset perturbation theory ͑MP2͒ with an atom-centered Gaussian basis set ͑common for the DFT and MP2 calculations͒. The latter effect associated with the adequacy of the plane wave basis is addressed by comparing the plane wave vs atomcentered basis set results within the same DFT scheme ͑i.e., using comparable functionals͒.
The DFT calculations with the plane wave basis set, carried out for water clusters up to the hexamer and ice Ih, were performed by explicitly including only the valence electrons; the pseudopotentials of Troullier and Martins 36 were used. The wave functions were expanded in a plane wave basis set with an energy cutoff of 70 Rydberg ͑Ry͒. A total of 16 molecules were included in the ice Ih configuration. Only the ⌫ point ͑center͒ was used in the Brillouin zone sampling. As was shown by Lee et al., 37 the local density approximation ͑LDA͒ gives a lattice constant for ice Ih that is 10% smaller than the experimental value while gradient dependent functionals resulted in a much better agreement with experiment. We have used the Perdew-Wang ͑PW91͒ gradient corrected functional 38 and obtained a nearest neighbor O-O separation of 2.7 Å at 0 K which is just 2% smaller than the experimental value. The PW91 functional used in the plane wave calculations contains both electron correlation and exchange terms. Both the cluster and ice configurations were relaxed until the magnitude of the force on each of the ions dropped below 0.1 eV/Å.
The ice Ih configuration was constructed in order to satisfy the ''ice-rules'' 39 and the proton ordering was chosen to be anti-ferroelectric rather than random because of the small system size. In order to probe the electric field in a region that is relevant for intermolecular interactions, we removed one molecule from the ice configuration in order to create a vacancy. The configuration was then relaxed. The four molecules adjacent to the vacancy moved towards the vacancy site by 0.53, 0.51, 0.31, and 0.15 Å, respectively. The charge density was then used to calculate the total electric field at various points in the vacancy region.
Calculations of the multipole moments of an isolated water molecule and of the field near water clusters were also carried out using second order Mo "ller-Plesset perturbation theory ͑MP2͒, analogous to previous MP2 calculations of water clusters. [40] [41] [42] [43] [44] The aug-cc-pVDZ basis set 45 was used in the MP2 and Gaussian-based DFT calculations. For the latter, we used the Becke exchange 46 and the PW91 correlation 38 functionals. All MP2 and DFT calculations with the Gaussian basis set were performed with the GAUSSIAN 94 suite of programs. 47 The optimal structures for the clusters dimer through pentamer at the BPW91/aug-cc-pVDZ level are of similar quality to the ones previously reported with the same basis set and the BLYP functional. 42 Typical differences for the intermolecular coordinates from the MP2/aug-cc-pVDZ results 41, 42 are Ͻ0.015 Å for the O•••O distances and Ͻ2.0 degrees for the angles involved in the hydrogen bond. The cluster binding energies exhibit, however, larger deviations having values that are intermediate between HF and MP2 results. 42 As regards the effect of the plane wave basis set, the DFT results for the optimal geometries of the clusters exhibit the following absolute differences with respect to the ones with the MP2/aug-cc-pVDZ for the dimer through hexamer: ͑i͒ O-O distances: Ϫ0.053 Å, ϽϪ0.008 Å, Ϫ0.048 Å, ϽϪ0.015, Å and ϽϪ0.035 Å, ͑ii͒ hydrogen bond angles: 4, Ͻ1, Ͻ1.5, Ͻ2, and Ͻ0.2 degrees. Furthermore, the largest deviation in the dihedral angles is 7 degrees.
Finally, the MP2 multipole moments of an isolated water molecule were used in the induction model ͑see Sec. III and Table I͒ . As it will be discussed later in this paper, the elec-tric field at the water clusters obtained from the MP2 was very similar to that obtained from the DFT calculations.
III. THE INDUCTION MODEL
The induction model uses information solely from an isolated water molecule. The polarizability of each molecule is taken into account by allowing the total field at a water molecule to induce dipole and quadrupole moments, thereby taking into account to some extent the environment of the molecule. The ith component of the induced dipole moment is given by
Here, E ជ is the total electric field, ␣ i j is the molecular dipole polarizability, A i, jk the dipole-quadrupole polarizability, and ␤ i jk the first hyperpolarizability. The repeated indices are to be summed over. The electric field also induces a quadrupole moment on each molecule
where C i j,kl is the quadrupole-quadrupole polarizability. Equations ͑1͒ and ͑2͒ are implicit equations of P i and Q i j . A given molecule polarizes its neighbors and these polarized neighbors are the ones that induce the additional dipole and quadrupole. We used an iterative procedure to solve these nonlinear equations.
A first order correction to the dipole moment of each molecule is induced by the total electric field of the neighboring unpolarized molecules
and, similarly, a first order correction to the quadrupole moment according to
The first order induced dipole moments create an additional electric field E ជ d (1) and the induced quadrupole moments generate an additional electric field E ជ q (1) . The total
induces a second order correction to the dipole moment
and a second order correction to the quadrupole moment
The new induced multipoles in turn, create an additional electric field E ជ (2) . This procedure continues until the magnitudes of the nth induced dipole,
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and quadrupole moments
are smaller than a given tolerance. The iterative procedure was carried out until the corrections were smaller than 10
Ϫ6
D and 10 Ϫ6 D Å, respectively. Thus, self consistency was obtained up to this level of accuracy.
To calculate the electric field using the induction model, each molecule was represented with a point dipole, quadrupole, octopole, and a hexadecapole moment tensor at the center-of-mass. We used the experimentally measured dipole 48 and quadrupole moments 49 but the octopole and hexadecapole moments were obtained from MP2/aug-ccpVQZ calculations. The values of the multipole moments are summarized in Table I . In addition to the multiple moments, the induction calculations made use of the experimentally measured molecular dipole polarizability, ␣ i j , 50 and results of previous ab initio calculations for the values of the dipole-quadrupole, A i, jk , and quadrupole-quadrupole polarizability, C i j,kl 51 as well as the first hyperpolarizability, ␤ i jk . 52 The values of the polarizabilities are summarized in Table II . This induction model was previously used to estimate the multipole moments of water molecules in ice. 16 At short range, the multipole expansion diverges. Following Millot et al. 53 we have used a switching function which reduces the field at short distances. The form of the switching function used here is the same as that used by Millot et al. but the decay length was chosen to be 4.4 Å, the exponential decay length of the charge density of the water molecule.
There is no a priori guarantee that the induction model will accurately predict the electric field in and around configurations of two or more water molecules. The molecular polarizability could, for example, change significantly in going from an isolated molecule to a water cluster and to ice. In the next section we describe tests of the induction model where the predicted electric field is compared to the one obtained from first principles calculations.
IV. RESULTS
The dominant attractive interaction between water molecules is believed to be the electrostatic interaction. To compare the induction model with the first principles calculations, we computed the total electric field at points located in a vacancy in the ice Ih lattice and around water clusters. On one hand, the electrostatic potential and electric field were calculated from the DFT charge density as
and,
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On the other hand we calculated the same quantities from the molecular multipole description of the system ͓see Eqs. ͑A6͒ and ͑A7͒ in the Appendix͔. Figure 1 shows the magnitude of the electric field in a vacancy in an ice Ih crystal. The field predicted by the induction model reproduces quite well the electric field calculated directly from the first principles DFT charge density if the multipole expansion is carried out up to and including the hexadecapole. A total of 33 points were sampled inside the vacancy. The points were distributed along the line segments between the center of the vacancy towards the nearest molecules. The distance from each sampling point to the center of charge of the nearest molecule in the crystal is shown in Fig. 2 . Note that the field due to only the molecular dipoles is significantly smaller than the total field. Adding the quadrupolar and octopolar contributions increases the field significantly and actually overshoots the total field by the time the octopole has been added. The hexadecapole contribution then reduces its magnitude and yields very good agreement with the total field. These calculations show that an induction model including up to hexadecapoles should give a good representation of the electrostatic interactions of water molecules for intermolecular separations typical for condensed phases.
Table III ͑last column͒ shows the convergence of the electric field as a function of the order of the multipole expansion. Each entry in the table is an average over the sampled points. The table gives the ratio of the multipolar field to the total field calculated from the DFT charge density. Even though the dipole field is the most important contributor to the total electric field, it is important to also include higher order multipoles, up to hexadecapole, because of the proximity to the neighboring water molecules.
The question naturally arises whether first principles calculations can be used to extract multipole moments that can be used in an induction model. The decomposition of the charge density into molecular fragments is, however, very arbitrary and many different decomposition methods have been proposed. We first used the atoms in molecules ͑AIM͒ method of Bader 28 where zero flux surfaces are used as di- viding surfaces between the different molecules. The calculations were carried out using an elastic sheet method for finding the zero flux surfaces. 54 The resulting molecular dipole moments of water molecules in ice Ih are given in Table  IV . The AIM scheme produces significantly smaller dipole moments than the induction model. The field inside a vacancy in ice calculated using the multipole moments of the AIM molecules is shown in Fig. 3 ͑see also Table III͒. While the dipole field is smaller than the dipole field in the induction model, convergence to the full field has nearly been reached when moments up to the hexadecapole are included.
Significantly different values of the molecular multipoles can, therefore, be equally valid for practical purposes. To test how sensitive the first principles molecular moments are to the partitioning scheme, we also partitioned the calculated electron density using a Voronoi cell construction with a center placed at the center-of-mass of each molecule ͑Voronoi I scheme͒ as well as a Voronoi cell construction where a center is placed on each of the oxygen atoms and on each of the O-H bonds, 40% of the bond distance towards the H atoms ͑Voronoi II scheme͒. By including three centers the boundaries of the Voronoi cells can be made to lie near the region of minimal electron density between the molecules. While these two Voronoi schemes give significantly different values for the molecular dipole moment ͑see Table  IV͒ , the rate of convergence to the electric field obtained from first principles is again quite similar, as can be seen in Fig. 4 . The convergence of the Voronoi I scheme is, however, slightly slower.
The Voronoi II scheme which gives the smallest molecular dipole moment converges about as fast as the AIM scheme. The rate of convergence of the electric field using the various decomposition schemes for defining the molecular multipole moments is so similar that it is difficult to say that one is distinctly better than another.
The same conclusions are reached from studies of the electric field around small water clusters. Figure 5 shows the electric field evaluated on the surface of a sphere around the cyclic water trimer computed from the MP2 charge density ͑diamonds͒ and by summing up the various contributions using the induction model ͑solid line͒. About 1177 points were uniformly sampled on the surface of the sphere starting at the north pole and moving down in circles of increasing latitude towards the equator, which contains the three oxygen atoms. Only the field on the north hemisphere is shown ͑600 points͒. The zigzag pattern arises because the points are sampled on circles of increasing radius from zero to the radius of the sphere. Results for two values of the radius are TABLE III. Ratio of the magnitude of the electric field in a vacancy in ice calculated using the multipole expansion and the magnitude of the field calculated from the DFT charge density. The convergence of the multipole expansion can be seen as more terms are added to the expansion: P stands for dipole, Q for quadrupole, O for octopole, and H for hexadecapole. The average over the various points inside the vacancy is given as well as the standard deviation.
AIM
Voronoi shown, 4 and 5 Å. The oxygen atom of an additional fourth water molecule would be ϳ4.4 Å from the center of the sphere. The agreement is good and it gets better the further away from the cluster molecules the comparison is made.
Closer to the center of the cluster, the electric charge density becomes significant. Since the multipole expansion of a charge density converges only when the field point is outside the charge distribution, the two calculations start to disagree significantly at shorter distances. Figure 6 shows an analogous comparison for the cyclic hexamer water cluster. The electric field at a distance relevant for the binding of an additional water molecule is smaller in the case of the hexamer than the trimer because of cancellations. The agreement between the field evaluated from the induction model and the field calculated directly from the MP2 charge density is still good. Similar results were obtained for the tetramer and pentamer clusters.
V. DISCUSSION AND CONCLUSIONS
The success of the induction model, which only requires data that can be obtained from first principles calculations of the isolated water molecule, is very encouraging. This suggests that an accurate description of the electrostatic interaction of water molecules can be achieved without having to carry out the computationally demanding first principles calculations for large systems. We are currently developing an empirical potential function based on the multipole expansion including the hexadecapole and both dipole and quadrupole polarizabilities. Interaction potentials for water molecules based on distributed multipole expansions have been previously introduced 24, 25 but they are very costly to evaluate and thus have so far only been applied to small clusters. By including only multipoles with respect to the center-of-mass, as seems to be adequate from Figs. 1 and 5, the evaluation of the electric field can be done quite efficiently. Since no point charges are included, it is not necessary to use Ewald summation. In fact, it is sufficient to include only the field from neighbors within an 8 Å radius. 16 The multipole description of the electrostatic interactions is more accurate than the various point charge models which are frequently used in computer simulations of water. Since the Ewald sum can be avoided, the evaluation of the multipole expansion for ice surfaces does not involve significantly larger computational effort than the simple point charge models. The electric field   FIG. 3 . Magnitude of the electric field inside a vacancy in ice Ih calculated using multipoles obtained from the AIM decomposition of the DFT charge density and from the DFT charge density directly ͑solid circles͒. While the dipolar field is significantly smaller using the AIM dipoles when compared to the induction model, the AIM multipole expansion converges at a similar rate as the induction model. Good agreement is obtained with the field deduced from the full DFT charge density when the expansion is carried out up to the hexadecapole. Various components of the AIM field are shown ͑the notation of the various components is the same as in Fig. 1͒.   FIG. 4 . Magnitude of the electric field inside a vacancy in ice Ih calculated using multipoles obtained from the Voronoi II decomposition of the DFT charge density and from the DFT charge density directly ͑solid circles͒. The Voronoi II multipole expansion converges at a similar rate as the induction model and the AIM multipole expansion, even though the molecular dipole moments are smaller. Good agreement is obtained with the field deduced from the full DFT charge density at the hexadecapole. Various components of the Voronoi II field are shown ͑the notation of the various components is the same as in Fig. 1͒ . generated by a typical point charge model does not agree well with the one obtained from first principles calculations. For example, the field calculated using the TIP4P point charge model, 55 an empirical potential which has been very successful in reproducing properties of bulk liquid water, gives an electric field that is about 20% larger than the one obtained from first principles in the ice vacancy. Our results suggest that an accurate interaction potential for water that is transferable to various environments, such as small clusters and ice surfaces, can be constructed using a single center multipole expansion with a computational effort that is quite similar to that of simple, nontransferable pair potentials.
Finally, the large range of values of the molecular dipole moments in ice obtained by using different reasonable schemes for extracting molecular dipole moments from first principles charge densities illustrates how poorly defined the molecular multipole moments are. The fact that the different schemes give very similar rate of convergence to the full electric field means that there is not a clear compelling reason to choose one over the other. 
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APPENDIX: DEFINITIONS OF MULTIPOLE MOMENTS
Several different definitions of the multipole moments of a charge density are in use in the literature. The difference among them are signs, constants of proportionality and some being linear combinations of the others. In this appendix we give the definitions of the multipoles moments in Cartesian coordinates.
The total charge density of the molecule (r) is ͑r͒ϭ e ͑ r͒ϩ ͚ i q i ␦͑rϪr
where e is the electronic charge density, q i and r "i… are the ionic charge ͑one proton charge for each of the hydrogen atoms and eight for the oxygen͒ and the position of the ith ion, respectively, ␦(r) is the Dirac delta function, and the sum is over all the nuclear charges. The molecular multipole moments are obtained by integrating over the charge density of the molecule. The electric dipole moment is defined as
The quadrupole moment is defined as
where ␦ i j is the Kroeneker delta. We chose to measure r from the center-of-mass of the molecule. The octopole moments are defined as FIG. 5 . Magnitude of the electric field around a water trimer calculated from the MP2 charge density ͑solid diamonds͒ and by using the induction model ͑solid line͒. The field was calculated at points located on a sphere centered at the center of the trimer. In ͑a͒ the radius of the sphere was 4 Å; in ͑b͒ the radius of the sphere is 5 Å. The field on the upper hemisphere is shown ͑the lower hemisphere gave similar results͒. The horizontal axis is the sample point number. 1177 points were sampled uniformly over the surface of the sphere starting at the upper pole and moving down to the equator which contains the three oxygen atoms.
FIG . 6 . Magnitude of the electric field around a water hexamer calculated from the MP2 charge density ͑solid diamonds͒ and by using the induction model ͑solid line͒. The field was calculated at points placed on the surface of a sphere centered at the center of the hexamer with a radius of 6 Å. The field on the upper hemisphere is shown ͑the lower hemisphere gave similar results͒. The horizontal axis is the sample point number. Points were sampled uniformly over the surface of the sphere starting at the upper pole and moving down to the equator.
